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A quantitative understanding of neutrino-nucleus interactions is demanded to achieve precise mea-
surement of neutrino oscillations, and hence the determination of their masses. In addition, next
generation detectors will be able to detect supernovae neutrinos, which are likely to shed some light
on the open questions on the dynamics of core collapse. In this context, it is crucial to account for
two-body meson-exchange currents along within realistic models of nuclear dynamics. We summa-
rize our progresses towards the construction of a consistent framework, based on the Green’s function
Monte Carlo method, that can be exploited to accurately describe neutrino interactions with atomic
nuclei in the quasi-elastic sector.
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1. Introduction
The description of neutrino interactions with nuclei, beside being fundamental for understanding
the coupling of electroweak interactions to nuclei, provides an essential input for neutrino-oscillation
experiments, such as DUNE [1], which plan to measure neutrino oscillation parameters, the neutrino
mass hierarchy, and to determine the charge-conjugation and parity (CP) violating phase. Such exper-
iments make use of nuclear targets as detectors that, while allowing for a substantial increase in the
event rate, demand accurate estimates of the neutrino-nucleus cross section along with the associated
theoretical error. The latter is critical, as the uncertainties in neutrino-nucleus cross section propagate
into the systematic error of the neutrino oscillation parameters. It has to be noted that a similar issue
also occurs in neutrino-less double beta decay experiments, the systematic uncertainty of which is
dominated by the nuclear matrix element.
The MiniBooNE collaboration has reported a measurement of the charged-current quasielastic
(CCQE) neutrino-carbon inclusive double differential cross section, exhibiting a large excess with re-
spect to the predictions of relativistic Fermi gas model [2]. It has been suggested that this discrepancy
might be ascribed to the occurrence of events with two particle-two hole final states [3, 4] not taken
into account by the relativistic Fermi gas model. Within a realistic model of nuclear dynamics, their
occurrence arises naturally owing to two-body meson-exchange currents (MEC) and/or correlations
induced by nuclear interactions.
Since their first application more than fifty years ago to a classical system of hard disks, Monte
Carlo methods have been found indispensable for many different simulations of quantum many-body
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systems. The main advantage of quantum Monte Carlo is that it is statically exact, as it allows for
solving the time-independent Schro¨dinger equation of many-body Hamiltonians providing accurate
estimates of the gaussian error of the calculation. For light nuclei (s- and p-shell nuclei up to 12C),
quantum Monte Carlo and, in particular, Green’s Function Monte Carlo (GFMC) methods have been
exploited to carry out first-principle calculations of nuclear properties, based on realistic, albeit phe-
nomenological, Hamiltonians including two- and three-nucleon potentials, and consistent one- and
two-body MEC currents [5]. Within this phenomenological model of nuclear dynamics, GFMC has
been also successfully applied to study of the electroweak response of light nuclei [6–8].
Because neutrino beams are always produced as secondary decay products, they are not monochro-
matic, as their energy is broadly distributed. As a consequence, the observed cross section for a given
energy and angle of the outgoing lepton includes contributions from energy- and momentum-transfer
regions where different mechanisms are at play. Such mechanisms can be best identified in electron-
scattering experiments, in which the energy of the incoming electron is precisely known. The typical
behavior of the double differential inclusive cross section of process
e + A → e′ + X , (1)
for a beam energy around 1 GeV where only the outgoing electron is detected is shown in Figure 1,
taken from Ref. [9]. The target nucleus in its ground state and the undetected hadronic final state
are denoted by A and X, respectively. At small energy transfer the structure of the low-lying energy
spectrum and collective effects are important. In the quasielastic peak region, the cross section is
dominated by scattering off individual nucleons although a significant contribution from nucleon
pairs is also present. The ∆-resonance region is characterized by one or more pions in the final state,
while at large value of the energy transfer the deep inelastic scattering contribution is the largest.
Fig. 1. Schematic representation of the inclusive electron-nucleus cross section at beam energy around 1
GeV, as a function of energy loss, from Ref. [9].
The initial state of the nucleus does not depend upon the momentum transfer of the process.
Hence, it can be accurately described within nonrelativistic many-body theory (NMBT). On the other
hand, the final state does depend on the momentum transfer and the nonrelativistic approximation
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can be safely applied only in the region of low and moderate momentum transfer, corresponding to
|q| . 500 MeV. The treatment of the region of high momentum transfer requires a theoretical approach
in which the accurate description of the nuclear ground state provided by NMBT is combined with a
relativistically consistent description of both the final state and the nuclear current. In this proceedings
we will focus on the low and moderate momentum transfer regions. The framework in which two-
body currents and nuclear correlations induced by realistic hamiltonians are consistently accounted
for in a fully relativistic fashion is extensively discussed in Ref. [10].
2. Lepton-Nucleus cross section
The double differential inclusive cross-section of the electromagnetic (EM) and neutral-current
(NC) lepton-nucleus transition ℓ + A → ℓ′ + X is proportional to the product of the leptonic and the
hadronic tensors,
dσ
dΩℓdEℓ
∝ LµνWµν . (2)
The leptonic tensor Lµν is completely determined by lepton kinematics, whereas the hadronic tensor,
Wµν =
∑
X
〈0|Jµ†|X〉 〈X|Jν|0〉 δ(4)(p0 + q − pX) , (3)
containing all the information on strong interaction dynamics, describes the nuclear response of the
target to the transition currents Jµ from the initial state |0〉, with four momenta p0, to the final state
|X〉, with four momenta pX.
The nuclear current consists of one- and two-nucleon contributions, the latter arising from pro-
cesses in which the interaction with the beam particle involves a meson exchanged between the target
nucleons are usually referred to as meson-exchange currents (MEC)
Jµ = J µ1 + J
µ
2 =
∑
i
j µi +
∑
j>i
j µi j . (4)
In the moderate momentum transfer regime, both the initial and the final states appearing in Eq.
(3) are eigenstates of the nonrelativistic nuclear hamiltonian H
H|0〉 = E0|0〉 , H|X〉 = EX |X〉 . (5)
The nuclear Hamiltonian describing the dynamics of the point like nonrelativistic nucleons is given
by
H =
A∑
i=1
p2i
2m
+
A∑
j>i=1
vi j +
A∑
k> j>i=1
Vi jk . (6)
In the above equation, pi is the momentum of the i-th nucleon, while vi j and Vi jk are the two- and
three-nucleon potentials, respectively.
For nuclei as large as 12C, the ground state wave function can be obtained via the GFMC approach
[11, 12]. It has to be remarked that, within the limits of applicability of NMBT, GFMC is truly an ab
initio approach, allowing to perform statistically exact calculations of a number of nuclear properties.
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A key feature of the description of neutrino-nucleus interactions at low and moderate momentum
transfer is the possibility of employing a set of electroweak charge and current operators consis-
tent with the Hamiltonian of Eq.(6). The nuclear electromagnetic current, Jµem ≡ (J0em, Jem), trivially
related to the vector component of the weak current, is constrained by H through the continuity
equation [13]
∇ · Jem + i[H, J0em] = 0 . (7)
Since the NN potential vi j does not commute with the charge operator J0em, the above equation implies
that Jµem involves two-nucleon contributions, as shown in Eq.(4).
The one-body electroweak operator is obtained from a non relativistic expansion of the covariant
single-nucleon currents, while the two-body charge and current operators that we employed in our
calculations are derived within the conventional meson-exchange formalism [14, 15]. Nonrelativistic
MEC have been used in analyses of a variety of electromagnetic moments and electroweak transitions
of s- and p-shell nuclei at low and intermediate values of energy and momentum transfers [16–22],
improving on the description of the experimental data with respect to the one-body approximation.
3. Quantum Monte Carlo calculations of the Euclidean response functions
In the low and moderate momentum-transfer regimes, the nuclear cross section can be rewritten
in terms of the response functions Rµν(q, ω), obtained from Eq.(3) replacing the components of the
current operator with their expressions obtained in the nonrelativistic limit
Rαβ(q, ω) =
∑
X
〈0|Jα†(q, ω)|X〉 〈X|Jβ(q, ω)|0〉 δ(E0 + ω − EX) . (8)
Even in the quasi-elastic region and for moderate values of the momentum transfer, where the
consequences of the nucleon’s substructure on nuclear dynamics can be subsumed into effective
many-body potentials and currents, the calculation of the response functions remains extremely dif-
ficult, as it requires knowledge of the whole excitation spectrum of the nucleus and inclusion in the
electroweak currents of one- and many-body terms. Integral properties of the response functions can
be studied by means of sum rules, which are obtained from ground-state expectation values of ap-
propriate combinations of the current operators, thus avoiding the need for computing the nuclear
excitation spectrum. Ab initio GFMC calculations of the electroweak sum rules in 12C have been
recently reported in Refs. [6, 7]. These calculations have demonstrated that a large fraction (≃ 30%)
of the strength in the transverse response arises from processes involving two-body currents, and that
interference effects between the matrix elements of one- and two-body currents play a major role [23].
These effects are typically only partially, or approximately, accounted for in existing perturbative or
mean-field studies [3, 4, 24, 25].
We have used the GFMC method to calculate the imaginary-time response function–the so-called
Euclidean response function–to the electromagnetic and neutral weak currents of 4He and 12C at low
and moderate values of the momentum transfer. The Euclidean response function is defined as the
Laplace transform of the response
Eαβ(q, τ) = Cαβ(q)
∫ ∞
ωth
dω e−τωRαβ(q, ω) , (9)
where ωth is the inelastic threshold and the Cαβ are q-dependent normalization factors. In Rαβ(q, ω)
the ω-dependence enters via the energy-conserving δ-function and the dependence on the four-
momentum transfer Q2 = q2 − ω2 of the electroweak form factors of the nucleon and of the N-to-∆
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transition in the currents. Once the latter dependance has been removed, as described in Ref. [8], the
Euclidean response can be expressed as a ground-state expectation value
Eαβ(q, τ)
Cαβ(q) =
〈0|J†α(q)e−(H−E0)τJβ(q)|0〉
〈0|e−(H−E0)τ|0〉
. (10)
In the above equation H is the nuclear Hamiltonian of Eq. (6) (here, the AV18+IL7 model is adopted),
τ is the imaginary-time, and E0 is a trial energy to control the normalization. The calculation of the
above matrix element is carried out with GFMC methods [26] similar to those used in projecting out
the exact ground state of the Hamiltonian from a trial wave function.
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Fig. 2. Euclidean electromagnetic longitudinal (upper panel) and transverse (lower panel) response functions
of 12C at q = 570 MeV (from Ref. [8]). The theoretical predictions obtained including only one-body and both
one- and two-body transition operators are represented by open circles and solid circles, respectively. The
shaded band refers to the Euclidean response extracted from Ref. [27].
It has to be noted that evaluating the matrix element of Eq. (10) for a nucleus as large as 12C is
computationally nontrivial, as it requires computer capabilities and resources available at the present
time to be stretched to their very limit.
In Figure 2, taken from Ref. [8], the electromagnetic longitudinal and transverse Euclidean re-
sponse function of 12C are compared to the ones obtained from the analysis of the world data carried
out by Jourdan [27] represented by the shaded band. In order to better show the large τ behavior,
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the scaled response functions ˜Eαβ(τ) ≡ exp[τq2/(2m)]Eαβ, that would be a constant for an isolated
proton, are displayed .
In the longitudinal case, destructive interference between the matrix elements of the one- and
two-body charge operators reduces, albeit slightly, the one-body response. On the other hand, two-
body MEC contributions substantially increase the one-body electromagnetic transverse response
function. This enhancement is effective over the whole imaginary-time region we have considered,
with the implication that excess transverse strength is generated by two-body currents not only at
energies larger than the one corresponding to the quasi-elastic peak, but also in the quasi-elastic and
threshold regions. The full predictions for the transverse Euclidean response functions is in excellent
agreement with the experimental data.
4. Analytic continuation of the Euclidean response functions
The inversion of a Laplace transform subject to statistical Monte Carlo errors, needed to retrieve
the energy dependence of the responses, is long known to involve severe difficulties. However, there
are techniques developed in condensed matter theory and other contexts, that seem to have success-
fully overcome the inherent ill-posed nature of the problem. Indeed one of those, known as maximum
entropy technique, has recently been used to perform stable inversions of the 4He electromagnetic
Euclidean response [8]. It has to be noted that the fact that we are interested in the (smooth) response
around the quasi-elastic peak rather than isolated peaks makes the inversion somewhat more practi-
cal. The maximum-entropy method is based on Bayesian statistical inference: the “most probable”
response function is the one that maximizes the posterior probability Pr[R|E], i.e., the conditional
probability of obtaining the response function R(ω) given the Euclidean response function E(τ). Max-
imum entropy technique is based on the fact that, since the response function is positive definite and
normalizable, it can be interpreted as yet another probability function. The principle of maximum
entropy states that the values of a probability function are to be assigned by maximizing the entropy,
defined as
S =
∫
dω [R(ω) − M(ω) − R(ω) ln[R(ω)/M(ω)]] . (11)
The entropy measures how much the response function differs from the the model (prior) M(ω): it
vanishes when R(ω) = M(ω), and is negative when R(ω) , M(ω). In principle the inversion of the
Euclidean response depends upon the choice of the model. In order to study the sensitivity of the
solution on the choice of the prior, the Authors of Ref. [8] have used two non-informative default
models: the flat model and a simple gaussian centered in ω = 0.
The 4He electromagnetic longitudinal and transverse response functions at q = 500 MeV, ob-
tained from inversion of the corresponding Euclidean response are shown in Fig. 3. The inversions
are, to a very large degree, insensitive to the choice of default model response [8] needed by the
maximum entropy method. Results obtained with one-body only (dashed line) and (one+two)-body
(solid line) currents are compared with an analysis of the experimental world data [28] (empty cir-
cles). The band provides an estimate for the dependence of the full results on the adopted default
model, which appears to be remarkably small. There is excellent agreement between the full theory
and experiment. Two-body currents play a minor role in the longitudinal response function. On the
other hand, they significantly enhance the transverse response function, not only in the dip region, but
also in the quasi-elastic peak and threshold regions, providing the missing strength that is needed to
reproduce the experimental results. It is worth noting that the width of the quasi-elastic peak seems
to be correctly reproduced– the nonrelativistic Fermi gas fails to predict this quantity at momentum
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Fig. 3. Electromagnetic longitudinal (upper panel) and transverse (lower panel) response functions of 4He at
q = 500 MeV. Experimental data are from Ref. [28].
transfers q ≃ 500 MeV. Thus, even at these relatively high momentum and energy transfers, the non-
relativistic dynamical framework may be more robust than comparisons between nonrelativistic and
relativistic Fermi gas models would lead one to conclude [29].
Finally, a direct evaluation of the 12C response functions via these same methods and with the
same accuracy as the one of 4He shown in Fig. 3 has recently been obtained [30] for q = 570 MeV by
using about 60 million core hours of computing time on Mira, the leadership class computing facility
hosted at Argonne National Laboratory. Preliminary results show an enhancement of the transverse
electromagnetic response function consistent with the 4He case. On the basis of the present 4He
and 12C calculations, a consistent picture of the electroweak response of nuclei emerges, in which
two-body terms in the nuclear electroweak current are seen to produce significant excess transverse
strength from threshold to the dip region and beyond. Such a picture is at variance with the conven-
tional one of inclusive quasi-elastic scattering, in which single-nucleon knockout is expected to be
the dominant process in this regime.
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